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ABSTRACT 
Ece, Mehmet C., M.S. 
Lehigh University 
Aug. 1981 
THE BOUNDARY LAYER FLOW PAST AN IMPULSIVELY 
STARTED TRANSLATING AND ROTATING CYLINDER 
Major Professor: J.D.A. Walker 
Boundary layer solutions for the time-dependent initial flow 
past an impulsively started translating and rotating circular 
cylinder are obtained. The problem is formulated in terms of the 
vorticity and the stream function and two different solution 
methods for the initial flow development are considered; these 
methods are a time series solutions and a fully numerical inte- 
gration of the governing equations. In the time series solutions, 
the vorticity and streamfunction are expanded in a power series 
in time t after the impulsive start; ordinary differential equa- 
tions for the functions associated with each power of t are 
solved exactly and numerically. The time series solutions are 
valid for the early development of the boundary layer; solutions 
for larger times are obtained by fully numerical time-dependent 
integrations of the governing equations using the method of series 
truncation. The vorticity and stream function are first expanded 
-1- 
as Fourier series in 8. The governing equations are reduced to 
a set of time-dependent differential equations in the radial 
variable which are then solved by a Crank-Nicolson method. 
Calculations were carried out for various rotational speeds 
of the cylinder. Time series and numerical solutions are in 
excellent agreement for the initial stages of motion. The tem- 
poral developments of drag, lift and torque coefficients are 
calculated. The results show a wide variety of unusual and com- 
plex boundary layer separation patterns; it is demonstrated how 
the separation is affected by increasing rotation rates and 
further that ultimately separation is completely suppressed. 
•2- 
I - INTRODUCTION 
Boundary layer separation is often considered to be an unde- 
sirable phenomenon in engineering applications because it inevit- 
ably leads to a stalled region behind a body which in turn produces 
large energy losses. One method of preventing separation is to 
move the wall with the stream. The flow of incompressible viscous 
fluid past an impulsively started and rotating circular cylinder 
was first considered experimentally by Prandtl (1904) (see Betz, 
1961), who demonstrated that the cylinder rotation can be very 
effective in inhibiting boundary layer separation behind the 
cylinder.  In the series of photographs taken by Prandtl (Prandtl 
& Tietjens, 1957) it is demonstrated that, when the peripheral 
speed of the cylinder exceeds twice the uniform flow speed, separ- 
ation is largely eliminated. In recent times, the dual benefit 
of a reduction of separation and the occurrence of lift have led 
to the use of rotating circular cylinders to delay the onset of 
separation on the flaps of V/STOL aircraft (Cichy, D.R., Harris, 
J.W., and MacKay, J.K., 1972) and also for the propulsion of 
ships (Flettner's rotor; see Ackeret, J., 1925). Consequently, 
it is of interest to understand the nature of the time-dependent 
development of the boundary layer; in particular it is desirable 
to ascertain the level of rotation necessary to completely inhibit 
boundary layer separation. This problem will be addressed in this 
study. 
-3- 
Tollmien (1924) in his dissertation at Gottingen in 1924, 
considered the start-up process of a rotating circular cylinder. 
Tollmien (1924) gave analytical solutions up to and including 
terms associated with t2 in an expansion in a power series in 
time t after the impulsive start of the motion. When the angular 
velocity of the cylinder is set to zero in Tollmien's (1924) 
solution, it reduces to that for the non-rotating cylinder given 
by Blasius (1908) and subsequently extended by Collins & Dennis 
(1973). 
A solution for the steady flow field around a rapidly rotating 
cylinder in a uniform stream was given by Glauert (1957); it was 
assumed that the Reynolds number, based on the uniform flow speed 
Uoo at great distances from the cylinder, was large. In addition, 
the parameter a = 2lL/q, where q is the rotational velocity of 
the cylinder at r'=a, was assumed to be small enough so that 
separation of the boundary layer flow is completely suppressed. 
In the limit of large Reynolds numbers, the inviscid flow outside 
the boundary layer consists of only two terms; these are (1) a 
circulatory motion for which lF ~ Qlogr and (2) the streaming 
motion v  = (1 - a2/r2)sine which describes inviscid flow in the 
non-rotating case. In the boundary layer, the solution may be 
written as an expansion in the parameter a and Glauert (1957) 
computed terms up to and including those associated with ah. 
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The circulatory velocity Q at the boundary layer edge may be 
expressed in terms of the peripheral velocity of the cylinder 
surface q and Glauert (1957) shows that 
| = 1 - fa2 + 0(a*) . (1.1) 
This result has also been obtained by Wood (1957) by application 
of an integral relation obtained for a class of boundary layer 
flows with closed streamlines, Glauert (1957) computes expressions 
for the lift on the cylinder as well as the torque required to 
maintain the motion. As the rotational speed of the cylinder is 
increased, for fixed U^, a decreases and the lift continually 
increases. This result is in contradiction to a theoretical 
argument by Prandtl (1925) which is critically reviewed by Glauert 
(1957) and which implies a maximum value of lift coefficient 
C[_ = 4TT when q = 4Uco; thus far the experiments at high rotation 
rates (Betz, 1925; Prandtl, 1925; Reid, 1924; Thorn, 1931) have not 
proved conclusive and lift coefficients in excess of 4TT have not 
been observed. However, as Glauert (1957) points out, for larger 
rotations rates, there are severe difficulties in maintaining a 
two-dimensional flow experimentally. Moore (1957) has also con- 
sidered the problem of streaming flow past a rotating circular 
cylinder. Using a method of matched expansions similar to that 
used by Proudman & Pearson (1957) for the flow past a sphere, 
-5- 
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Moore (1957) considers the case of finite Reynolds numbers; again 
it is assumed that the cylinder rotation is fast enough so that 
no separation occurs and a steady solution is sought which is a 
perturbation about solid body rotation of the fluid. Moore 
(1957) shows that in this parameter range the drag is small and 
that the lift increases with increasing cylinder rotation; in 
addition in the limit of large Reynolds numbers, Moore obtains 
the result given by equation (1.1). 
In the studies of Moore (1957), Glauert (1957) and Wood (1957) 
the range of validity of the solution is restricted to those 
situations in which separation is completely suppressed. The 
minimum rotation velocity for fixed U^ for which this occurs is 
not known; the experiments of Prandtl & Tietjens (1957) suggest 
that this may occur for q/UOT =2. In the present study, this 
question will be addressed by consideration of the early stages 
of the motion. In particular the problem of a circular cylinder 
which is abruptly set into translational motion with speed Uro 
and into rotation with angular velocity Q will be considered. 
Initially the flow outside the cylinder will be inviscid and 
irrotational and in effect will be unaware of the rotation of the 
cylinder. For t > 0 a thin boundary layer will form and develop' 
on the cylinder surface and the present study is concerned with 
the initial development of this boundary layer. Initially the 
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effects of the rotation are confined to the boundary layer and it 
is of interest to understand how the flow transists from the 
symmetrical separation observed in the non-rotating case (Collins 
& Dennis, 1973) to a boundary layer flow without separation.  It 
emerges that the initial flow fields involve some rather complex 
separations; in fact, in the numerical integrations carried out 
here, the flow field became so complex that only the initial flow 
fields could be examined. As time increases, the rotation of 
the cylinder ultimately spreads throughout the boundary layer and 
an interaction takes place with the outer flow; it is in this 
interaction that the outer inviscid flow acquires the steady cir- 
culation which is assumed by Moore (1957), Glauert (1957) and 
Wood (1957). Since the present calculations were terminated 
before an interaction took place, a direct comparison with the 
studies of Moore (1957), Galuert (1957) and Wood (1957) is not 
possible here. 
In the present study, solutions in the form of an expansion 
in powers of time were obtained for the early development of 
the boundary layer after the impulsive start. Analytical solu- 
tions were obtained for the solutions associated with the first 
few powers of t but these increased rapidly in complexity and 
most of the solutions were found numerically. Solutions were 
carried out, up to and including terms associated with tk.    The 
■7- 
time series solutions are necessarily limited in validity to 
small times and to extend the solution to larger times a fully 
numerical method was used. The solution method is similar to 
that used by Dennis & Walker (1971) and Collins & Dennis (1973). 
Numerical integrations were carried out up to approximately 
t = 0.84 for a range of rotational speeds. At approximately this 
stage (t z  0.84) it emerged that the boundary layer had grown to 
such an extent and/or had increased in complexity to the point 
that the memory capacity of the computer used was exceeded and the 
integrations had to be terminated. However, the initial flow 
development is of considerable interest and reveals some complex 
separations which can occur with a moving wall; in addition the 
trends of the lift, drag and torque coefficients with increasing 
rotation are established. 
The plan of this report is as follows. The basic equations 
and the formulation of the problem is given in Chapter 2. The 
procedures for the time series solutions and the fully numerical 
solutions are explained in Chapters 3 and 4 respectively.  In 
Chapter 5, calculated results are presented and the developments 
of the initial flow fields are illustrated. Conclusions based 
on the calculated results are given in Chapter 6. 
II - BASIC EQUATIONS 
In the formulation of the problem, polar coordinates (r1 ,9) 
are used. The coordinate system with its origin taken at the 
center of the cylinder, translated with the cylinder and r'=a 
corresponds to the cylinder surface. The cylinder is impulsively 
set into motion at time t'=0 with uniform speed U in the direc- 
tion 6=TT and with counterclockwise angular speed Q.    The geometry 
and coordinate system are illustrated in figure 1. 
The radial and transverse components of velocity (v1 , v' ) 
describe the two-dimensional time-dependent flow field around the 
cylinder. Dimensionless variables used in the analysis, are 
defined by 
v '      v '     ,     U t1 
V-Tr-»e-ir-r-T't--T-' i2-1' 
where t' is the time measured after the impulsive start. Writing 
the governing equations in dimensionless form, the continuity 
and momentum equations are respectively 
1JL frv \  + 1 §. = n (2 2) 
||+ (q-.v)q = - 1 Vp - ^ Vx(Vxq), (2.3) 
-9- 
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where q is the dimensionless velocity vector; here p is the fluid 
pressure and p is the constant fluid density. A Reynolds number 
Re based on the cylinder diameter, is defined as 
2U a 
Re = —^- , (2.4) 
where v is the kinematic viscosity of the fluid. The velocity 
components (v , v ) can be expressed in terms of a dimensionless 
stream function which is defined according to 
v = lit  v = _ M (2  5) 
r  r 39 ' 9    3r ' [^'0) 
In general, the vorticity vector is defined by, 
I  = V x q  . (2.6) 
However, since the flow is two-dimensional, there is only one com- 
ponent of vorticity which is in the direction normal to the plane 
of the flow; the dimensionless scalar vorticity may be obtained 
from equation (2.6) and is, 
la       1 3vr 
Equations (2.2) and (2.3) are subject to the following 
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boundary conditions 
v ->• cose , vQ -»■ - sine , r, ■> 0 as r -* °° ,      (2.8) 
vr = 0 , vQ = S at r = 1 , (2.9) 
where 6 = rr; . The dimensionless parameter 3 may assume any value 
in the range [0,°°). The case 8=0  corresponds to no rotation and 
has been studied extensively; for this case the flow in the upper 
and lower half plane is symmetric. For all (3>0, the flow is not 
symmetric; furthermore as 6 increases the rotation of the cylinder 
surface exerts a progressively dominant effect on the flow field. 
It is convenient to introduce modified polar coordinates 
(C,6) defined by 
£ = £n r , 6=6 , (2.10) 
for the following reason. Initially, at least, the most intense 
variations in the flow field occur near the cylinder surface. The 
coordinate transformation given by equation (2.10) contracts the 
far flow field where the variations are less intense; morever, in 
regard to the numerical scheme used an uniform mesh spacing gives 
more points near the surface of the cylinder where the velocity 
gradients are large. Using the modified polar coordinates and the 
definition (2.5) of the dimensionless stream function, the scalar 
vorticity defined by equation (2.7) can be expressed as 
-12- 
5e*-0+0. (2-11) 
In addition, the vorticity transport equation can be obtained by 
taking the curl of equation (2.3) and using equations (2.5), (2.6) 
and (2.10), which leads to 
3t  39 3£  3? 36  Re L 3^  SF"1 '   ^-iC) 
The boundary conditions then become 
vM -*• cose , vQ -»- -sine , £ ->- 0 as £ ->- °° ,      (2.13) r y 
vr = 0 , vQ = 3 at 5=0. (2.14) 
The vorticity and the stream function are evidently analytic 
in the solution domain and consequently may be written as Fourier 
series in 6 according to 
ij;(5,9,t) = f20(C,t) + I {fln(£,t)sin ne + f2n(£,t)cos ne}, 
(2.15) 
?(C.9,t) = g20(C,t) + Z {gln(C»t)sin ne + g2n(s,t)cosne} . 
(2.16) 
Here the sine terms correspond to odd parts of these functions due 
-13- 
to translation with constant speed, and the cosine terms corres- 
pond to even parts which must be introduced to account for the 
effects of the rotation. 
The boundary conditions can be expressed in terms of the 
functions f. and g. in equations (2.15) and (2.16), it follows in    in 
from equation (2.13) that as £,-**>, 
e"Cfln - 5nl , e"Cf2n - 0 , n = 0,1,2,3,...,     (2.17) 
3f 3f 
e"?-gp-- <Snl . e"? -^ -^ 0 , n = 0,1,2,3...,  (2.18) 
gin -v 0 ; i = 1,2 , n = 0,1,2,3,..., (2.19) 
where 5 ■, is the Kronecker delta defined according to, 
~  _ , 0 for rtfl , (9  ?nx 
6
nl " { 1 for n=l . (2'20) 
In addition it follows from equation (2.14) that at E,  = 0 
fln = -^- =  0 , n = 0,1,2,3,...,       (2.21) 
3f?n f2n = ~W=  0j n = 1'2'3'-'" (2'22) 
f20 = 0 , -^ = - 6 . (2.23) 
■14- 
Substitution of the expansions (2.15) and (2.16) into equation 
(2.11) yields 
32f, 
3C 
in 
7~ 
2* 2? 
- n f. = e Q • in    yin i = 1,2 , n = 0,1,2,3,, (2.24) 
To obtain the conditions satisfied by each term in the vorticity 
-2E 
expansion (2.16), equation (2.24) is multiplied by e ^ and inte- 
grated from £=0 to £=£. As a result 
^- + n f  + A  enC - en5 3?    in  in     
K 
e"(n"2Kgin(C,t)d? =0, 
i = 1,2 , n = 0,1,2,3,. (2.25) 
Here A. is the constant of integration whose value can be deter- 
mined by applying the boundary conditions at 5=0 in equation 
(2.25); in particular, equations (2.21), (2.22) and (2.23) require 
that 
Aln = ° ' A2n = s 6no ; n = O.1*2.3^-- •  (2-26) 
Substituting these values of A. into equation (2.25) and apply- 
ing the boundary conditions as £-*», given by equations (2.17) 
and (2.18), the following integral conditions for the vorticity 
functions are obtained, 
■15- 
r „-(n-2K gln(C,t)dC = 26nl , n = 1,2,3,.. (2.27) 
,00 
e'(n"2)Son(?,t)d5 = 3 5nn , n = 0,1,2,3,... (2.28) 
'2n' nO 
The uniform flow condition far from the cylinder implies 
that vorticity should vanish as £-*»; at large distances from the 
cylinder the effect of rotation is not felt yetT and the flow 
field can be determined by the inviscid theory. The continuity 
equation reduces to the Laplace equation 
V2I|J = 0 , (2.29) 
and the solution of this equation satisfying the boundary condi- 
"f* 
tions given by equation (2.8), is 
<JJ = (r - -) sine . (2.30) 
This solution does not satisfy the no-slip condition on the cyl- 
inder surface and for large Reynolds number a boundary layer is 
required. The boundary layer and the inviscid solution must 
match at the edge of the boundary layer and it has been demonstra- 
ted that conditions (2.27) and (2.28) are sufficient for to en- 
sure a proper match (Collins and Dennis, 1973). 
It is assumed here that at the impulsive start the inviscid flow 
field outside the boundary layer contains no circulation and that 
circulation is only acquired in the inviscid flow at large times 
through a viscous-inviscid interaction. A problem corresponding 
to a situation where the flow field has circulation at t=0 may 
also be considered and this is formulated in Appendix A. 
-16- 
In the next two sections two different techniques will be 
considered for the solution of impulsively started boundary layer 
problem. First a time series method will be considered in 
Chapter 3; this solution is valid for small times after the im- 
pulsive start. The second approach will be considered in Chapter 
4 and represents a fully numerical calculation of the problem. 
-17- 
Ill - TIME SERIES SOLUTION 
For the boundary layer solution, it is necessary to intro- 
duce an appropriate transformation which removes the initial sin- 
gularity in the vorticity associated with the impulsive start 
(Collins and Dennis, 1973). The transformations used are 
5= kx , k = 2(||)* > (3-D 
*  = k>F , z,  = f    . (3.2) 
Note that the transformation in equation (3.1) magnifies the thin 
boundary-layer region near the cylinder which grows initially 
proportional to k. Equations (2.11) and (2.12) become 
92¥ , , 2 8V _ Q2kx ,, .,x +
 k ^r = e  a) , (3.3) 3X7"  * 3^ 
3^> + 2xe2kx ^ + 2e2kXn + k2 ^ 3lF   XG   3X  ^   w  K 39^ 
= 4te
2kx
 ^ + 4trll M _ 31 lfi>i     (34) H
   3t    L36 3x  3x 30J *   U ; 
In association with the transformation (3.2) it is conven- 
ient to define new functions F. and G. according to 
G. 
fin = kFin , gin =-p ; i = 1,2, n = 0,1,2,3,...  (3.5) 
■18- 
In the limit of large Re, for fixed t, k approaches zero and equa- 
tions (3.3) and (3.4) reduce to 
32y 
3x T  ~   03 (3.6) 
92w  ,,31)),,     _  /■+   3co   ,   A4.rdV  9OJ       3¥  3UH 
3X< 3X 8t •86 3x  3x 36" (3.7) 
The boundary conditions on the cylinder surface become 
3F 
At x = 0; F In In   3x 
3F 2n 
2n   3x 
F20 = °< 
= 0, n = 1,2,3, 
= 0, n = 1,2,3, 
3F 20 
3x 6 , 
(3.8) 
(3.9) 
(3.10) 
and the integral conditions for the vorticity given by equations 
(2.27) and (2.28) are 
f°° 
Gln(x,t)dx = 26nl , n = 1,2 ,. •. , (3.11) 
r 
G2p(x,t)dx = 6 6nQ , n= 0,1,2,. (3.12) 
Setting t=0 in equation (3.7) gives an ordinary differen- 
tial equation for the initial vorticity distribution. 
■19- 
|^+ 2x |&U 2w = 0  . (3.13) 
The solution is given by, 
r2 TX -f-2 
-v2 -Y2   rA    t2 
= A(6)e x    + B(6)e [      ez    dt  , (3.14) CO 
j 
where A and B are arbitrary functions of 0. The second term on 
the right hand side of equation (3.13) is known as Dawson's inte- 
gral and behaves according to x~ for large x; this causes a log- 
arithmic behavior for the stream function and the boundary con- 
ditions as x-x» cannot be satisfied for non-zero B(e); thus to 
eliminate this undesired behavior B is set equal to zero. The 
function A(6) is determined by applying the integral conditions 
(3.11) and (3.12), and the initial vorticity distribution co is 
found to be 
wo = — e"
x
 sine + ^- e"x . (3.15) 
/F /F 
Substitution of this expression into equation (3.6) and applica- 
tion of the boundary conditions (3.8), (3.9) and (3.10) gives a 
stream function of the form, 
-x
2
  ,              -x
2
  , 
Y = 2[xerfx + L]sin9 + 6[xerfx +  -  x] . 
/F   /n /FA 
(3.16) 
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Equations (3.15) and (3.16) can be written as 
u3o = Go(x)sin6 + 6Go(x) , (3.17) 
¥o = FQ(x)sine + 6FQ(x) . (3.18) 
and these equations represent the boundary layer solution in the 
limit t-KD . To obtain the solution for finite values of the time, 
the vorticity and the stream function are expanded as power series 
in time, according to 
to = to   + too-, + t2to0 + ...   , (3.19) o I 2 v ' 
¥ = ¥    + CT-,  + t2¥2 + ...   . (3.20) 
The functions to. and ¥. (i = 1,2,3,...) are found by regular per- 
turbation techniques. Substituting these expansions into equations 
(3.6) and (3.7) and equating coefficients of t yields differential 
equations for to-, and ¥,, yields, 
32to,     3w, 3^ 3^   3f 3^ 
^ + 2x ^ . 2^ . 4[_o _j> . _J> _j>] ,     (3.2!) 
a2^ 
3x T  = UK (3.22) 
Using equations (3.17) and (3.18), equation (3.21) can be written 
-21- 
as 
32w,     3w 
~TJ- + 2x -5-I - 2Ul = 2(F G' - F'G )sin2( dX 9X      1     v 0 0    0 0' 
+ 4(FQG^ - F;Go)cos6 •        (3.23) 
The solution of this equation is of the form, 
a)-! = G-j sin26 + gG-jCOse , (3.24) 
and substitution in equation (3.23) leads to two differential 
equations for G-, and G, given by, 
G!J + ZxG\  -  2^ = 2F0G^ - 2F^G0 ,        (3.25) 
i]  + 2xG^ - 2^ = 4FQG; - 4FQG0 . (3.26) 
The functions G-, and G, are subject to the integral conditions 
(3.11) and (3.12) and in addition must vanish as x-*». Under these 
conditions, the solutions of the equations (3.25) and (3.26) can 
be shown to be, 
-22- 
Gi       (—^—)  xerfx + L 37-Je 
1 3ir 3(TT) /Z 
+ (i6±24iL)x - 4xerf2x + -i- xV'erfx 
377 /fr 
. _L e-x2erfx + 4 xe-2x2_ 16 xe-x^ ( } 
/ir 
G.  =  (36ldl)xerfx + [24146 ]e-x + 16 
1
 
3lT
 3(TT)  /2 3ir 
4        „    _v2 A -?y2 
- 4xerf2x + — x2e      erfx + - xe 
^ x e"x2- — e"x2erfx. (3.28) 
377 /IF 
These solutions may be substituted into equation (3.6) to obtain 
¥■, in the following form 
Y, = F, sin28 + BF^ose , (3.29) 
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where 
F,  =  (^jfex'erfx +  [-§=6*    Jx'e"*2 1 9lT
 9(TT)  lz 
+ [-^V"]e-x2+ (^)x erfx 
9(TT)  /2 3^ 
+ O-^rW + — e"x2erfx - ^ x e"2*2- | /27? erf (v*x) 
3/TT 
+ xerf2x + erfx x2e~x erfx + ~— x - 7 x3erf x 
3/iF 3/? iTr J 
+ [-^If-l   , (3.30) 
9(TT)  /2 
~
F1  = (^?)x3erfx + [-^Vlx2e-x2 + [_i±I|- ]e"x2 1 97T
 9(TT)  /2 -9(TT)  /2 
+ #" x3-4x3erfx--^-x2e"x2erfx+ Jp- e'^erfx 
OVTT 
I /27? erf (/2x)  - |- xe"2x    + xerf2x + — erfx 3 x       '       3TT - j- 3/TT 
+ or x +  L 37-J     • (3.31) 
i7T 9(TT) /2 
As the higher order terms in the time-series (3.19) and 
(3.20) are considered, the right hand sides of the corresponding 
differential equations increase in complexity and it becomes pro- 
gressively more difficult to obtain analytic solutions. For this 
reason a numerical technique was applied to obtain the subsequent 
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terms. 
All subsequent differential equations for higher order terms 
in the time series are obtained by equating the coefficients of 
t and are of the form 
G^ + 2xGn +  2(l-2n)Gn = Nn(x) ,        (3.32) 
Fn = Gn  • (3-33) 
The boundary conditions to be satisfied are 
Gn -»■ 0 as x -> oo , (3.34) 
f°° 
Gn(x)dx = 0  , (3.35) 
o 
Fn(0)  = Fn(0)  = 0  . (3.36) 
Here the N (x) are given in Appendix B for 0 <  n <_ 4. 
It is convenient to eliminate the first derivative term in 
equation (3.32) in order to be able to use numerical scheme hav- 
ing a truncation error of order h6, h being the mesh size. Apply- 
ing the transformation 
Gn = e"x2/2 Zn , (3.37) 
in equation (3.32) yields, 
z" - r(x)Z0 = ex2/2 Nn(x) , (3.38) 
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where 
r(x) = x2 - 1 + 4n . (3.39) 
Writing equation (3.38) in finite difference form at the grid 
point x = jh gives (Fox, 1957) 
n-^Vi]zM + [1-T^rj+i]zj+i-[E + lh2rj]zj 
J2  tNj+i + 10Nj + Nj-1^ • (3-4°) 
Application of the equation (3.40) to all points in the mesh forms 
a tridiagonal matrix which can be solved by the direct method des- 
cribed by Rosser (1968). 
The boundary conditions given by equation (3.34) and (3.35) 
are applied at x=£ where I  is some sufficiently large value of x. 
The value of I  is arbitrarily chosen and then increased until 
differences in successive tabulated Z values are negligible. A 
length of x=6 with a step size of h=0.025 were found to be ade- 
quate to ensure good accuracy. The step size was halved and no 
appreciable change was noted in the solution. 
The direct application of the Thomas algorithm requires a 
boundary condition of x=0. Since this condition is not known a 
priori, it was arbitrarily selected according to, 
Zn(0) = 1 . (3.41) 
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The system of difference equations is solved twice. First a homo- 
geneous solution of the system of equations (denoted here by Y,,) 
is found satisfying (3.41) and YH = 0 at x = i.    Another solution, 
YM, is then obtained for the full system of equations which again 
satisfies equation (3.41) and Y^ = 0 at x = i.    The true solution, 
Y-r, may be written as a linear combination of these two solutions 
YT = YM + CYH , (3.42) 
where C is a constant to be determined. The homogeneous solution 
of the equation (3.38) which satisfies the boundary condition 
given by the equation (3.34) is 
YH = e"
x2/2
 D_2n(/2x) , (3.43) 
where 
j e'x D_2n(/2"x)dx = -^—  . (3.44) 
0 2  nl 
Here the D (x) are the parabolic cylinder functions. The value of the 
constant C is determined by applying the integral condition (3.35) and, 
YT dx =   YMdx + C  YHdx = 0.        (3.45) 
"0       0        0 
Numerical integrations were carried out using Simpson's rule. The 
stream function may now be determined from equation (3.33) subject 
to the boundary conditions given by equation (3.36). Simpson's 
rule was applied in the numerical integration of the vorticity while 
the vorticity derivatives were evaluated by using the sixth-order 
differentiation formula given by Bickley (1941). Values of the 
vorticity functions and their derivatives are tabulated in Table 1. 
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The time series solutions provide a very  accurate solution for 
small times after the impulsive start of the motion; however, for 
larger times the time series fails to converge. To extend the solu- 
tions to higher values of time a fully numerical scheme is considered 
in the next section. The time series solutions provide an excellent 
check on the accuracy of this procedure. In addition, the series 
solutions give an accurate description of the early flow development 
up to and behond separation in some cases. Since the computed 
results from the time series were virtually identical to those 
obtained in the early stages of the numerical integration, a dis- 
cussion of results is deferred to Chapter 5. 
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IV - FULLY NUMERICAL SOLUTION 
The solution method described in this chapter corresponds 
to a fully numerical integration of the governing equations. Here 
instead of expanding the solutions in series of powers of time, 
timerdependentintegrations are carried out by numerical methods 
using a series truncation method. This procedure is carried out 
as follows. The Fourier series given by equations (2.15) and (2.16) 
are substituted into equation (2.12). Application of the ortho- 
gonality conditions yields 
25 ^20 = _2_ 3^20 ,  , 
e
   2t   Re ^2        bo  ' l4-lj 
2C\  1 ^In + .   f?ln 
e
   3t   Re ~W^ l,2n 3? 
+
 ^^r
11
- f¥nSn + Sln • "-1,2.3,..., 
(4.2) 
2g agln  l^ln  nf   ^2n 
e
   3t   Re ~W~ '      l,2n 3^ 
3f 
" ^
n
-4rII + ^n2)92n + S2n • "=1,2,3,..., 
(4.3) 
where the functions on the right sides of equations (4.1), (4.2) 
and (4.3) are given by 
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<:   ! f  r m-F  392m + mn  9f2m . -      3glm mn  ^lm, ,..* 
So - 2 m=lC"mf^ ^T  mglm -JT+  mf2m "IT "mg2m ~ITL (4"4) 
<.    .  
3g20  nn  3f20 + n n  3f2,2n .  .   3g2n Sln" nf2n "ar " ng2n IF + 2 92n "IF" * nf2,2n — 
4.    1        !       /     -f ^^ mn 3f2J fm        ^    f 392m +
 2 m=l   {"Jflj "IT " mg2m ~lf '  (rrwi)  f2j ^T 
3f 1 • 3g, 
-mglm sgn(m-n) -^ + (m+n)  f 1 ^ ^- 
,  mri         2,m+n  ,   /m,„\  f             g2m  ,  mn          l,m+n-, fA c\ 
+
 
m92m -31 +  (m+n)  f2,m+n ^T + mQlm ~lt }   ' (4"5) 
<? -      „f 3920   +   nn 3f20   +   n   n ^P    .        - ^In S2n " -nfln ~W     ngln "IT     2 gln ^T~     nf2,2n ^T 
,l    <s c   i   ,   x   r. 32m   , 2,m+n   ,   /   ,   \^ lm 
+
 2mIi{"(m+n) fl5m+n^T+mglm-Tt~+ (m+n)f2,m+n ^T 
rnj^n 
mn      
9f
 1,m+n      ..      3g2m+mn      3f2j 
" 
m92m ~3l jfl j ~W~ + mglm V" 
3g, 3f, • 
+ (m-2)f2j -^ - m sgn(m-n)  g2m -^- }. (4.6) 
Here j =|m-n|and sgn(m-n) denotes the sign of (m-n) with sgn(0)=0. 
Solutions of equations (4.1), (4.2) and (4.3) together with e- 
quation (2.24) are subject to the boundary conditions given by 
equations (2.21), (2.22) and (2.23), and the integral conditions 
given by equations (2.23) and (2.28). 
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Substitution of the boundary layer variables defined by 
equations (3.1), (3.2) and (3.5) into equations (2.24), (4.1), 
(4.2) and (4.3) and setting k=0 in the limit of large Reynolds 
number leads to, 
-33^!1=Gin; 1=1.2, n = 0,1,2,3,...,       (4.7) 
4t
 -sr= Tx^+ 2x -sr+ 2G2o+ 4tso   • <4-8> 
3G,    SG-i 3G, 
+ (2 + 2nt !^Zn, s  + 4tSln* ,       (4.9) 
3G~   3 G0 3G0„ 
„.  <in    ^n , /0   . . r   % cx\ 4t
-lT-=-3F-+ (2x " 4nt Fl,2n> ~W 
+ (2 - 2nt -}—■)  G2n + 4tS2n* ,       (4.10) 
whe re SQ and Sin are SQ and Sin with fin replaced by Fin, gjn re- 
placed by G. and 5 replaced by x. Note that F. and f. are re- 
G. 
lated by f. = kF. ; in addition g. = -4^-. The boundary condi- J
    in    in 3in   k J 
tions for equations (4.7), (4.8), (4.9) and (4.10), are given by 
equations (3.8), (3.9), (3.10), (3.11) and (3.12). 
The initial solution given by equations (3.15) and (3.16) 
is used to start the time-dependent integrations of the basic 
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boundary layer equations.  In the numerical solutions of equations 
(4.7), (4.8), (4.9) and (4.10), the series qiven by equations 
(2.15) and (2.16) are truncated by writing the functions in both 
series with subscript n>n , identically equal to zero. Here the 
parameter n must be increased as the calculation proceeds in time 
and the solution builds in complexity; note that for the series 
truncation method to give good results n must be sufficiently 
large at any time step to insure that no significant change in the 
solution would occur if n was increased. At any stage in the 
integrations, 2(2n + 1) equations are to be solved simultaneously 
to determine the functions G. (x,t) and F. (x,t).  Initially only 
a ^jery  few terms in the series (2.15) and (2.16) are required to 
determine the flow field; but as the time-dependent integrations 
proceeded, the number of terms, n , in the series (2.15) and (2.16) 
was increased. Each of equations (4.8), (4.9) and (4.10) may be 
written in the following form 
4t 
3G. 32G. 3G. 
 TJX _        in  ,  _ in 
3t xJ!L+Pln-5f + 'llnS1n + Tln-H1n<x't>  •        (4J1) 
•32- 
where 
P1n(x,t) - 
2x for i=2, n=0  , 
2x+4nt Flj2p for i=l,  n=l ,2,3, 
2x - 4nt  F]>2n for i=2,  n=l ,2,3, 
, (4.12) 
qin(x.t) 
3F 
= < 2 + 2nt 
2 - 2nt 
l,2n 
3X 
3F l,2n 
3X 
for i=2, n=0 , 
for i=l, n=l,2,3,, 
for i=2, n=l ,2,3,, 
(4.13) 
y. (x,t) = 4tS. 
'inv ' in (4.14) 
The numerical method used to solve equations (4.11) is an implicit 
Crank-Nicolson type method which is similar to that used by Dennis 
& Walker (1971) and Collins & Dennis (1973). Following Dennis & 
Walker (1971), a Crank-Nicolson finite difference approximation 
may be obtained for the set of equations (4.11). The technique 
used is the same for each equation and only one subscript is used 
here for convenience to denote the spatial position as shown in the 
Fig. 2. Denoting the right side of equation (4.11) by H, the 
approximation to equation (4.11) is 
4(2t - x)(Gj - G*) = T(h\. + H*) + 0(T3) , (4.15) 
■33- 
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where x is the integration step in time and the superscript (*) 
denotes that the quantity is evaluated at time (t-x). Spatial de- 
rivatives on the right hand sides of the set of equations (4.11) 
may be approximated by using the usual central difference approx- 
imations, 
32G.  G. ,-2G. + G.xl 
"j = J-l  J   J+l 
9x h' 
3G.  G.^, - G. , 
J =    J+l   J-l 
9x      2h (4.16) 
here h is the mesh length in the x direction. With the substi- 
tution of these expressions, the Crank-Nicolson approximation (4.15) 
may be re-written as follows, 
'. m^l „2. 2 + h2 q. Gj + 1   ♦ 1 hPj Gj+1  + 1   " \ hPj "j-l 
'.   Ultlli  h2+   2_h2( Gj 
1 * 1    +  1  hPj 
"j + l 
1 * 1     -   \  hPj 
* 
G.  , 
J-l 
" 
h
^j + vj ) (4.17) 
This equation may be written in a tri-diagonal matrix form 
according to, 
ain(x,t) Gin(x,t) + b.n(x,t) Gin(x+h,t) + c.n(x,t) Gin(x-h,t) 
= din(x,t) , (4.18) 
i=l,2 , n=0,l,2,.. 
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where the values of a. , b. , c. , and d. may be easily found by 
comparing equations (4.17) and (4.18). The Thomas algorithm was 
used in the numerical solutions of the set of equations (4.18). 
The quantities a. , b. , c , and d. are calculated by using the 
most recently available information at each time step (see Dennis 
& Walker, 1971). The conditions on the surface for the vorticity 
are not known apriori and the solution for each vorticity 
function was found in a similar way to that described in the chap- 
ter 3. The set of difference equations (4.18) is first reduced to 
a set of homogeneous equations by setting d. (x,t) = 0. By apply- 
ing the Thomas algorithm a solution G. (x,t) is obtained for these 
equations subject to the following boundary conditions, 
Gin(0,t) = 1 , G.nU,t) = 0 . (4.19) 
Here £ is a sufficiently large value of x. A solution G. (x,t) 
for the full set of equations (4.18) with d. (x,t) f  0 is then 
found which satisfies 
Gin(0,t) = 1 , Gin(£,t) = 0 .        (4.20) 
The true solution may be written as a linear combination of these 
two solutions according to, 
Gin(x>t) = Kin Gin(x,t) + Gin(x,t) ,        (4.21) 
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where K. is a constant to be determined. The integral conditions in J 
(3.11) and (3.12) are used to find the correct value of K. by 
applying these conditions to equation (4.21). After all the 
G. (x,t) terms were obtained, the F. (x,t) terms in the stream 
function were calculated. These functions are computed by integra- 
ting the equation (4.7) twice from x=0 to x=£. The integrations 
were carried out using Simpson's rule (see Dennis & Walker, 1971). 
At each time step the entire procedure was repeated until two 
successive values of G. at any mesh point, differ less than some in    J r 
desired small value e or in other words until all the G. terms 
converged. The following convergence test is applied at each 
mesh point 
G^+1)(x,t) - G^}(x,t)| < 10"5 ,        (4.22) 
where the superscript j shows the j th iteration. After the con- 
vergence is obtained throughout the field, the same procedure is 
repeated to determine the solution at the next time step. 
Calculated results for both the time series method and the 
fully numerical scheme are described in the next chapter. 
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V - CALCULATED RESULTS 
For the time-series solution, the boundary-layer terms were 
calculated up to and including those functions associated with t1*; 
these functions form a power series in t for the vorticity as follows 
OJ = GQ sine + BGQ + t[ G-j   sin26 + BG,cose] 
+ t2[G23sin36 + (G21  + B2G21)sin0 + gG2 
+ gG22cos2e ]  + t3QG34sin49 +  (G32 
+ 62G32)sin20 +  (gG31  + B3G313)cose 
+ BG33cos36 ]   + tlf[G45sin56   +  (G43 
+ 62G432)sin39 +  (G4]  + B2G4]  + B'G^^sine 
+ (6G4 + 63G4Q3) +  (3G42 + 63g423)cos29 
+ B^G^cosAS. 1^.1) 
A similar power series may be written down for the stream function. 
The values of the vorticity functions and their derivatives with 
respect to x evaluated on the cylinder surface are given in Table 
1. Note that all vorticity derivatives with .the exception of G-j(O) 
vanish on the cylinder surface. 
The time series solutions are very  accurate but are neces- 
sarily limited in validity to small times after the impulsive 
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start (the time-dependent integrations were used to extend the sol- 
utions to larger times). However, the time series solutions provide 
an excellent check on the accuracy of the numerical integrations at 
small times; to investigate the question of accuracy values of the 
functions of the periodic terms obtained from both solutions were 
compared in the initial stages of the motion and generally were 
found to be in excellent agreement. 
Numerical integrations were carried out for the cases 6=0.05, 
0.1, 0.3, 0.6, and 2. In all cases, the integrations were started 
from the initial solution given by equations (3.15) and (3.16). 
\lery  small time steps are necessary in the initial stages of the 
integrations due to the irregular behavior of the solution at t=0. 
The integration was started using 10 time steps with T=10_1* and 
then 24 time steps with T=10"3 were taken. After this stage the 
integration was continued with a constant time step T=0.01. The 
spatial mesh size was chosen to be h=0.05, which after some inves- 
tigation was concluded to be small enough to ensure a good accuracy. 
The quantity £, which is maximum value of the x coordinate, for 
which the condition G(£,t)=0 is assumed, was initially taken to be 
6 but was increased to 8 in the later stages of the integrations 
as the boundary layer began to grow substantially. A maximum of 
n =25 terms were used in each sine and cosine series and the in- 
tegrations were carried out up to approximately t=0.84. The 
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Table 1. Vorticity functions and their derivatives evaluated at 
the cylinder surface. 
Value Derivative 
2.25675833 0.00 
1.12837917 0.00 
-3.21456637 8.00 
-0.95779802 0.00 
-0.63102399 0.00 
-0.09166130 0.00 
-0.23079663 0.00 
-0.08922444 0.00 
0.85494049 0.00 
0.02781731 0.00 
0.05868529 0.00 
0.18284567 0.00 
0.08258490 0.00 
0.04068865 0.00 
0.70686972 0.00 
0.16095581 0.00 
0.06265948 0.00 
0.42664097 0.00 
-0.07459535 0.00 
0.01403016 0.00 
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Function 
G
0 
Go 
Gl 
Gl 
G23 
621 
G21 
h 
G22 
G34 
G32 
G32 
Si 
G313 
G33 
G45 
G43 
G432 
G41 
G41 
Table 1 (continued) 
Function 
G414 
g4 
G403 
G42 
Value Derivative 
3423 
344 
0.00575798 
-0.01097747 
0.00091864 
0.01745897 
-0.02566813 
0.11197588 
0.00 
0.00 
0.00 
0.00 
0.00* 
0.00 
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calculations were carried out in single precision on a CDC 6400; 
a value of t=0.84 is approximately the maximum integration time 
that can be achieved with this machine for the following reasons. 
Theoretically, both the vorticity and the stream function series 
contain an infinite number of terms; in practice only a finite 
number of terms may be retained. In the integrations, terms for 
the vorticity whose surface values were less than 10~6 were trun- 
cated for n>n .  In the early stages only a few terms are required 
but it becomes necessary to add more and more terms as the inte- 
gration proceeds.  In addition number of grid points has to be in- 
creased as the boundary layer grows with time. In the latter 
stages 25 functions were used in each sine and cosine series for 
a total of 51 functions for both the vorticity and the stream 
function; in addition, the number of radial grid points used at 
this point was up to 140. Beyond this point the memory capacity 
of the computer would be exceeded and once further terms in the 
series and/or an increased boundary layer length was required, 
the integrations had to be stopped. 
Streamlines for various values of t and 3 are shown in 
figures 3-8. The first case is B=0.05 and the time-dependent 
development of the boundary layer flow is illustrated in figures 
3.  In figure 3a, the streamline patterns are depicted at t=0.2. 
Note that the streamline ¥=0 is lifted from the surface of the 
cylinder immediately after the impulsive start and is illustrated 
-42- 
in figure 3a above the cylinder. The streamlines which originate 
at upstream infinity for 6>TT are pulled slightly upward as the 
fluid particles approach the cylinder surface and then move around 
the lower surface of the cylinder; the fluid particles then enter 
the upper half plane near the back of the cylinder before they 
reverse direction and are convected downstream into the wake. Note 
that a stagnation point which is too close to the cylinder surface 
to illustrate in figure 3a occurs between r'=a and the ^=0 stream- 
line. The next stage in development is illustrated in figure 3b 
at t=0.4 where it may be observed that the fluid originating at 
upstream infinity for 6>TT has progressively moved forward near the 
rear of the cylinder and is giving rise to a lifting at the ^=0 
streamline in the first quadrant. In figure 3c, the situation at 
t=0.58 is illustrated and it may be observed that a separation 
has occurred. The term separation has been controversial (see, 
for example, Riley, 1975; Sears & Telionis (1971); Walker, 1978) 
and is used by some authors to imply a catastrophe with respect to 
the boundary layer equations wherein the boundary layer is no 
longer thin and an 0(1) modification of the mainstream flow occurs. 
Here the term separation is used to imply the presence of a closed 
recirculating eddy within the flow field. Two such eddies may be 
observed in figure 3c and these are bounded by the two limiting 
streamlines labelled f= -0.001953 and ¥ = -0.02986. Note that 
either eddy is attached to the cylinder surface unlike the recir- 
-43- 
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culation zones observed in the classical separation for a non- 
rotating cylinder (Riley, 1975; Collins & Dennis, 1973).  It may 
also be observed that unlike the classical separation for a circu- 
lar cylinder the eddies are not of the same size with the lower 
eddy being smaller; the upper eddy is growing and causing an in- 
creasing distention in the ^=0 streamline. It may be observed in 
figure 3c that there are five stagnation points in this flow cor- 
responding to one at each eddy center, one on the outer edge of 
each eddy and one in the upper half plane between the ^=0 stream- 
line and the cylinder surface. The boundary layer flow at t=0.72 
is illustrated in figure 3d where it may be observed that both 
eddies have grown substantially. The development of these eddies 
does bear some resemblance to the classical separation (Walker, 
1978) in the sense that each eddy grows most rapidly in the tan- 
gential direction immediately after separation occurs; once the 
rate of tangential development shows, a rapid growth in the dir- 
ection normal to the cylinder ensues and this may be observed 
from figure 3c to 3d. Note that both eddies are still detached 
from the cylinder but that the stagnation point on the outer edge 
of the lower eddy has moved very  close to the surface. The inte- 
grations for g = 0.05 had to discontinue at t=0.85; at this point, 
the boundary layer had grown to such an extent and was complex 
enough so that 51 terms in the Fourier series were not sufficient 
to describe the solution; note that Collins & Dennis (1973) had 
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a maximum of 40 functions when the integrations were terminated 
for infinitely large Reynolds number. 
The next case considered is 6=0.1 and the temporal develop- 
ment of the flow may be seen in figures 4. Here 8 is still rela- 
tively small and the development of the flow is similar to the 
6=0.05 case. In figure 4a, streamlines are illustrated for t=0.2. 
The streamline, V=0,  is lifted up from the surface immediately 
after the start. On the dividing streamline, ¥=0.00189, a stag- 
nation point again occurs in the second quadrant which is still 
very  close to the cylinder surface but which can now be plotted in 
figure 4a. Streamlines originating at upstream infinity for 9>TT 
are pulled upward near the front and the back of the cylinder 
slightly more than the previous case. Streamlines at t=0.4 are 
shown in figure 4b. Upward movement of the streamlines which or- 
iginated at the upstream infinity is more accentuated at the back 
of the cylinder; in addition, the dividing streamline now has the 
value ¥=-0.0016 and is lifted up somewhat more in the first qua- 
drant. The next stage of development in the flow is shown in 
figure 4c, for t=0.67. Note that a separation has occurred which 
is similar to that depicted in figure 3c for 6=0.05 but in figure 
4c the separation is in a latter stage of development.  It may be 
i 
observed that the eddy in the lower half plane is noticeably 
smaller in size as compared to the eddy in the upper plane; this 
trend becomes more progressive as 6 increases and may be verified 
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upon comparing figures 3c and 4c. Both eddies are unattached to 
the surface and are bounded by two dividing streamlines labeled 
¥ = -0.00657 and ¥ = -0.00563. As for 6=0.05 there are five stag- 
nation points formed in the boundary layer flow at this stage of 
development.  In figure 4d the streamlines in the next stage, at 
t=0.73, are shown; both eddies have grown in size, and the stream- 
line, ¥=0, has been lifted up substantially in the first quadrant. 
The difference between the size of the two eddies is even more 
apparent for this case. The numerical integrations for 6=0.1 were 
stopped at t=0.84; at this point, 51 functions in the Fourier series 
were not enough to approximate the boundary layer flow accurately. 
As 6 increases the size of the lower eddy continually dimin- 
ishes and the case 6=0.3 represents an intermediate case in the 
sense that near this value of 6, the lower eddy disappears. The 
boundary layer flow patterns are illustrated in figures 5 for 
6=0.3. The streamlines illustrated in figure 5a for t=0.2 are 
similar to those described in the previous cases. However, the 
dividing streamline, ¥ = -0.0158, is somewhat further away from 
the surface; note the stagnation point in the second quadrant. 
Streamlines which originated at the upstream infinity for 9>TT 
are pulled upward more progressively near the back of the cylinder 
toward the stagnation point. Figure 5b shows the flow in the 
next stage of development. Note that more of the streamline near 
the lower surface of the cylinder are lifted upward and the 
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dividing streamline is lifted even more in the first quadrant. 
Figure 5c clearly illustrates the beginning of distension of the 
streamlines, which are pulled upward at the rear of the cylinder, 
to form an eddy in the first quadrant. The next stage is shown in 
the figure 5d at t=0.74. It may be observed that a separation has 
occurred but now in the form of a single eddy in the first quadrant; 
the eddy is bounded by the dividing streamline, f=-0.2061. Stream- 
lines in the fourth quadrant show a tendency to form a very  small 
eddy which may form at a subsequent time; in any case, the case 
6=0.3 is approximately a limiting case corresponding to the dis- 
appearance of the lower eddy in the flow. Three stagnation points 
may be observed in figure 5d; one is at the center of the eddy, 
one is at the edge of the eddy and third one is in the second 
quadrant. Integrations had to be stopped at t=0.85 due to growth 
of the boundary layer and the complexity of the flow field. 
The fourth case considered here is 6=0.6 and the develop- 
ment of the boundary layer flow is illustrated in figures 6. The 
early development of the flow is similar to the case 6=0.3 except 
that the dividing streamline is further away from the cylinder 
(figure 6a). Rotation of the cylinder is more dominant in this 
case. Figure 6b illustrates the next development for t=0.4. 
Note that the streamlines at the back fo the cylinder are substan- 
tially pulled upward and the dividing streamline ^=-0.0492, is 
lifted more in the first quadrant; this feature continues pro- 
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gressively in the next stage at t=0.58 (figure 6c). Figure 6d shows 
the occurrence of a small separation at t=0.7. Note that as 8 in- 
creases, separation is more delayed. It may be observed that the 
unattached eddy formed in the first quadrant is considerably small- 
er in size as compared to the previous case. Integrations for this 
case had to be stopped at t=0.84 for the same reason as in the pre- 
vious cases. Note that this case also represents a situation close 
to a limiting case for which the upper eddy disappears from the 
flow field. At this stage, separation of the boundary layer is al- 
most entirely inhibited by the rotation. 
Figures 7 illustrate the last case, 8=2. The effect of the 
rotation is strongly felt in the very  early stages. Figure 7a 
illustrates the streamlines at t= 0.2. The dividing streamline, 
¥=-0.4375, is now relatively far away from the cylinder surface. 
The streamlines originating from upstream infinity for 0>TT are 
lifted up to 6=0 line near the back of the cylinder. In the next 
stage, t=0.4, (figure 7b) the circulation around the cylinder has 
spread further and the streamlines are pulled upward more proges- 
sively. The next stage is shown in figure 7c for t=0.72. Note 
that no separation is observed. In this case, the angular speed 
of the cylinder is large enough to completely eliminate the separ- 
ation. The streamlines at the back of the cylinder are spread and 
shifted upward extensively. It may be observed through figures 7 
that the dividing streamlines form stagnation points in the second 
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quadrant. Integrations for 8=2 was stopped at t=0.85 due to exten- 
sive growth of the boundary layer. 
The drag and lift coefficients may be shown to be (see Appen- 
dix C), 
CD  Re 
2 f2TT ,_      9C (C - ff")   sinede , (5.2) 
LL    Re J 
2Tr
    Zr U  - |£)   cosede ,        (5.3) 
o     3? ?=0 
Upon substitution of equations (2.16), (3.1) and (3.5), these coef- 
ficients may be written 
CD = (ft)"*"" 2^(0,t) , (5.4) 
CL = - (ff)*T G21(0,t) . (5.5) 
Temporal developments of the drag and the lift coefficients are 
shown in the figures 8 and 9. The drag is abruptly reduced, from 
the large values which occur near t=0 due to the impulsive start 
of the motion. Note that the drag is increasing with decreasing 
6; since smaller B values give rise to larger separation zones, 
this behavior is expected. It may be observed that the lift is 
increasing with time as the effect of the rotation is continually 
spread through the boundary layer further with time. The lift 
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Fig. 8  Temporal development of the drag coefficient CQ. 
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Fig. 9  Temporal development of the lift coefficient C, 
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also increases with increasing 6. 
A torque on the cylinder is necessary to do work to replace 
the energy lost by viscous dissipation in the boundary layer and to 
maintain the rotation of the cylinder. The torque coefficient CT 
may be shown to be (see Appendix C) 
CT  Re 
1 f2TT U+B)c=0 de (5.6) 
This is composed of two terms according to. 
ReCT = 2TT6 + ReCT (5.7) 
The substitution of the equations (3.1) and (3.2) reduces CT to the 
following form, 
C * = (-M UT   ^Re t> 
277 
CO (o)de (5.8) 
and the temporal development of this term is illustrated in figure 
* 
10. The large values of CT corresponding to the asymptotic be- 
havior near t=0 due to the impulsive start may be observed. Note 
that the torque is increasing with increasing B. 
Values of CD, CT and CT evaluated from both the time series 
solution and the numerical solution, are in excellent agreement 
within the time range considered. 
■71- 
6=0.6 
3=0.3 
Fig. 10  Temporal development of the torque coefficient CT 
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VI - CONCLUSION 
In the present study, the initial boundary layer development 
for a circular cylinder impulsively started translating and rotating 
has been considered for a fluid which has no circulation at large 
distances from the cylinder. It may be observed from the series of 
figures 3-7 that the initial development of the flow field is com- 
plex and for 3<0.6 involves some rather novel and interesting sep- 
aration phenomena. Note that in general the separation is delayed 
as the circumferential speed of the cylinder is increased. The 
separation is first eliminated in the lower half plane at about 
8=0.3 and finally in the upper half plane at about 6=0.6. It was 
found that the lift increases both with time, for fixed 8, and with 
3, for fixed time; on the other hand the drag decreases with in- 
creasing 6 and time. The torque exerted on the cylinder was found 
to be decreasing with time and increasing with 6. As time increases, 
the rotation of the cylinder spreads throughout the boundary layer 
and a viscous-inviscid interaction will ultimately take place be- 
tween the outer flow and the boundary layer. Unfortunately the 
numerical integrations had to be terminated before this interaction 
took place. It may be observed from the figures 8, 9 and 10 that 
the drag, lift and torque coefficients were still changing at the 
stage when the interactions were stopped; however, the variations 
of the drag and torque are slow with time in the latter stages of 
■73- 
the integrations while the lift is apparently increasing at approx- 
imately a linear rate. 
Future possible extensions of this study include application 
to flows with finite Reynolds numbers in a manner similar to Collins 
& Dennis (1973) and Dennis & Walker (1971). In addition, the im- 
portant problem of how the interaction of the boundary layer with 
the outer flow ultimately occurs and how the outer flow ultimately 
acquires rotation is of considerable interest. 
-74- 
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APPENDIX A 
In the present study it has been assumed that the cylinder 
is impulsively started in a fluid which has zero circulation at in- 
finity. A problem may be considered in which the fluid at large 
distances already has a circulation r1; the abrupt rotation of the 
cylinder will ultimately influence the outer flow and change r'. 
In this Appendix the modification of the problem in this case will 
be considered. 
For a uniform flow at infinity plus a circulation I" , the 
outer solution given by equation (2.30) becomes, 
4> = (r - -pjsine - Q£nr , (Al) 
where 
Q
 
=
 h • (A2) 
Here r is the dimensionless circulation defined according to 
r
 - £ ■ ««) 
All the boundary conditions given by equations (2.21), (2.22) 
and (2.23) remain the same; but the presence of the circulation 
effects the boundary conditions as £,■**>  (at the boundary edge). 
■77- 
Equations (2.18) must be changed as follows: As £-*», 
e"C -^~-+  6nl , e"? -^- + 0 ; n=l,2,3  (A4) 
9f 20 
3? (A5) 
The right hand side of the integral condition given by equation 
(2.28) then becomes 
e-(n_2)?g2n(5,t)dc = (3 - Q)6nQ (A6) 
Similarly, equations (3.11) become. 
r°° 
G2n(x,t)dx = (3 - Q)6 nO (A7) 
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APPENDIX B 
G" + 2xG'  + 2G    = 0  . 0 0 0 
G" + 2xG'  + 2Gn = 0  . o o 0 
GV + 2xG'   - 2G,  = 2F G * - 2F' G„ I I I 0   0 0   0 
G" + 2xG^  - 2G,  = 4F G'   - 4F'G„ 1 I I 0   0 0   0 
G"    + 2xG'     - 6G9, = 2F G'   - 2F'G^ + 4F,G'   - 4F'G, 23 23 23 o   I 1   0 lo 0   1 
G^  + 2xG^  - 6G21  = 2F0G'   - 2F]GQ + 4F;Gl  - 4FlG- 
G21  + 2xG21  - 6G21  " 4FoGl   - 4FlGo 
G" + 2xG0 - 6G9 = 2FJ3J  - 2F^G    + 2F'G,  - 2F,G' 2 2 2 ol I   o oi 1  o 
G"    + 2xG'     - 6G00 = 2F~ G'   - 2F'G,  + 2F,G' 22 22 22 0   1 0   1 10 
- 2F'G' + 8F,G!  - 8GTF'   . 10 1   0 1   0 
G34 + 2xG34 -  10G34 = 2FoG23 " 2F23 + 4FlGi 
- 4F:G,  + 6F9. G'   - 6FI G„ II 23    0 0    23 
G"    + 2xG'    -  lOGoo = 2F G'     - 2F'  Gn + 2F G' 32 32 32 0 23 23 0 0 21 
2F21Go + 2F21Go " 2FoG21 
+ 6F'G9. - 6F9.G' 0 23 23 0 
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G"    + 2xG'    -  106„ = 2FrtG*    - 2F'  Grt + 2F0,G' 32 32 32 o  21 21   o 21   o 
2F'G21  + 2FJG,   - 2FlG' 
+
 
8FiG22 " 8F22Go 
G",  + 2xG'     -  10GQ1  = 2F G'     - 2F'  G    + 2F'G, 31 31 31 o 22 22  o 11 
- 2F,G;  + 4F GA -  4F'G„ 11 o 2 2 o 
+ 4F    G1   -   4F'G       + 4F (V 
^21o       4hob21       ^lbl 
"  
4FiGl  + 4FiG22 " 4F22Gi 
G313 + 2xG313 "  10G313 = 4F21Gi " 4FiG21   ■ 
G"    + 2xG'    -  10G.„ = 2F G*    - 2F'   G„ + 2F,G,' 33 33 33 o 22 22  0 11 
2F]G1  + 4F-JG-J  - 4F]'G1 
+ 4F„G'   - 4F'G„ + 12F„G'   -  12F'G«„ 22 o 0 22 23  o o 23 
G45 + 2xG45 " 14G45 " 2FoG34 " 2F34Go + 4F1G23 
4F23G1  +6F23G1-6F1G23 
+
 
8F34Gi " 8FiG34 
G43 + 2xG43 "  14G43 = 2FoG34 " 2F34Go + 2FoG32 
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2F32Go + 2F2!Gi  " 2FiG21 
+
 
4F1G2!  " 4F21G1  + 4F32Gi 
- 4F'G„ + 8F'G,.   -  8F,.G1 0  32 o  34 34 0 
G
"432 + 2xG432 " UG432 = 2FoG32 " 2F32Go + 2F21Gi 
2F;G21  + ZF^S,   - 2F,G'2 
+
 4F,G21   -  4F2lGl  + 4F32G,; 
4P«g      + 4F'G       -  4F    G* 
^ob32      4hlb22      ^22bl 
+ 12F'G„ -  12F„G'   . o 33 33 0 
G41 + 2xG41  " 14G41  " 2FoG32 " 2F32Go + 2F21G1 
- 
2F1G21  + 4F!G23 " 4F23G1 
+
 
4F
'o°32 " 4F32Gi + 4F21G1 
4F1G21  + 6F1G23 " 6F23G1 
G412 + 2xG412 " 14G412 = 2F0G32 " 2F32Go + 2F1G22 
- 2FppG-,  + 2Fp-iG-i  - 2F-iG^-j 
+
 4F'G1  - 4F1G^ + 4F'1G1 
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AC g'     + 4F<G       _  AC    R1 
+ 4F'G,,   - 4F-,G'  + 4F'G.9 o 31 31  o o it 
32  o 
G414 + 2xG4H " 14G414 = 4FiG313 " 4F313Gi 
GJ + 2xG4 - 14G4 - 2F0G^  - 2F^GQ + 2F^G, 
" 
2F1G21  + 2FiG31  " 2F3!Gi 
+ 2F21G]  - F;G21 + 4FlG22 
" 
4F22G1 + 4F1G22 " 4F22G1 
G403 + 2xG403 - 14G403 ' 2FoG313 " 2F313G1 + 2F21G1 
2F,G21 + 2F21G1  - 2FjG2, 
+
 
2FiG313 " 2F313Go 
G^ + 2xG^ - 14G42 = 2F0GJ,  - 2F^GQ + 2FQG^ 
" 
2F33Go + 2F1G21  " 2F21G1 
+
 
2F31Gi " 2%1 + 2F21G1 
" 
2FiG21  + 2F23G1  " 2F1G23 
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+
 6F23G"   - 6F'G23 + 6F;G33 
- 6F,,G'    + 8F,G9 - 8F9G. JO    o 12 2  1 
+ 8F,9G'   - 8F'GQ9   . 32  0 0  32 
G423 + 2xG423 "  14G423 = 2FoG313 " 2F313Go + 2F1G21 
- 2FTTG,  + 2F010G'   - 2F'Gon- 21   1 313 o o 313 
+
 
2F21G1  - 2F1G21  + 8F32Gi 
o 32 
G44 + 2xG44 ~ 14G44 = 2FoG33 " 2F33Go + 2F1G23 
2F23G1 + 4F1G22 " 4F22G1 
+ 4F22G' -4F'G22+ 6F33G' 
6FoG33 + 6F23G1 " 6F1G23 
+
 
16F34Gi - 16FoG34 • 
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APPENDIX C 
The shear stress in the flow field evaluated on a surface 
r' = constant and in the direction of 9 increasing is given by 
T
r'9  V  89   3r' ' (ci) 
The drag and lift forces may be expressed in terms of the shear 
stress and the pressure on the cylinder surface, r1 = a. They are 
respectively, 
D = 
f277 
T ,J   asin9de - 
-o   V=a 
rzi\ 
p| acos9d9 .    (C2) 
o  r'=a 
L = 
f2TT 
x ,J acos9d9 
o  r V=a 
27T 
p| asin9d9 (C3) 
o  r'=a 
Substitution of the dimension!ess variables defined by equation 
(2.1), in equations (Cl), (C2) and (C3) yields 
3v   3vA 
_ v    .. / r ,  Ox 
T
r'9  a u» K 39   3r ; (C4) 
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D = - uU 
f2TT     3v 3vfl 
0 
•U2 a 
oo 
f 2TT 
p|    cosede     , 
o      r=l 
(C5) 
L = yU 
2TT      3V 3V 
(TT+ TF)r=lcosede 
o 
-U2 a 
21T 
p|    sinede 
o      r=l 
(C6) 
On the cylinder surface, r=l 
C = - v 
3vr 
30 = 0 
r      - 
3V9 
6   3r 
(C7) 
(C8) 
3£ =  1_  i£ 
36    Re p 3r (C9) 
The drag and lift coefficients may be defined according to, 
C„ = 
D 
D  pU2a ZT  > (CIO) 
c, = L (cn) 
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Upon substitution of equations (C7), (C8) and (C9), equations (CIO) 
and (Cll) become 
C^ = - 
f27T 
D   pU a 
oo   J 
(-c - vQ)r=1 sinede 
1 
P 
p | sine 2 IT r 3£ 
0 o     39 
sinede 
r=l 
(C12) 
c = M L  pU a 
OlT 
("S " vQ)r=1sinede 
1 r -PI   cose 
27T 
^   9£ 
o   ae 
cosede 
r=l 
(C13) 
With the use of modified polar coordinates defined by equation (2.10), 
the drag coefficients become, 
CD ~ Re 
27T 
(c - ff)?=0 sinede    , (C14) 
CL      " Re 
27T 
U - §f)c=0 cosede (C15) 
The torque exerted on the cylinder is, 
C2TT 
T = 
J o 
Vfl I    a2de ' r
 
b
 r'=a 
(C16) 
-86- 
and upon substitution of equation (C4), 
27T 
T = -yaU 1   
8Vr      9V8 (7T¥1+ !F)r=l  d6 (C17) 
which using equations (C7) and (C8) becomes 
>TT 
T = yaU k|  + 8)de 
o   r=l 
(C18) 
The torque coefficient may be defined according to, 
CT = hUi(2aYA    • (C19) 
with the substitution of equation (C18) 
CT  Re 
f 2TT 
(c| + B)d0 . 
o   5=0 
(C20) 
The torque coefficient may be written as follows 
ReCT = 2TT3 + ReCT (C21) 
where 
Re* CT = / t 
(•27T 
GO (o)de (C22) 
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